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We construct a model for n-level atoms coupled to quantized electromagnetic fields in a fibrillar geometry.
In the slowly varying envelope and rotating wave approximations, the equations of motion are shown to satisfy
a zero curvature representation, implying integrability of the quantum system.
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Introduction
The interaction of radiation with two-level atoms has been extensively studied under various approxi-
mations. In one spacial dimension, the reduced Maxwell-Bloch equations resulting from the slowly varying
envelope and rotating wave approximations are known to be quantum integrable [1]. In this paper we
generalize the one-dimensional case of two-level atoms to that of n-level atoms.
In the first of two parts, we construct the fully quantum n-level model. The system consists of n-level
atoms distributed in a fibrillar geometry, interacting with radiation through a minimally coupled hamiltonian.
In the remaining section we apply the approximations, and show that the Heisenberg equations of motion
for the reduced system satisfy the so-called zero curvature representation. This implies that the system is
integrable and can be solved by the inverse scattering method.
0. Mathematical Background
Let us first recall the sln Lie algebra. The n
2 − 1 generators, written as{
Eij , Hm | 1 ≤ i 6= j ≤ n, 1 ≤ m ≤ r
}
, (0.1)
where r = n− 1 is the rank, satisfy the following brackets (in the Chevalley basis)
[
Eij , Ekl
]
=


δkjEil − δilEkj , if δilδkj = 0
j−1∑
m=i
Hm (i < j), if δilδkj = 1

 , (0.2a)[
Eij , Hm
]
=
(
δjm − δim − δjm+1 + δim+1
)
Eij , (0.2b)[
Ha, Hb
]
= 0. (0.2c)
The set spanned by
{
Hm
}
being the Cartan subalgebra. (Note that in the bracket (0.2a) a term of the
form δi6=jEkk is formally equal to zero, even though Ekk has not been defined. The set
{
Eij | 1 ≤ i, j ≤ n
}
satisfying the first relation in (0.2a) is a basis for the algebra gln.) A representation ρ of sln will be denoted
as {
Eρij = ρ(Eij), H
ρ
m = ρ(Hm)
}
. (0.3)
The r × r Cartan matrix A has the explicit form
Auv = 2δuv − δuv−1 − δuv+1. (0.4)
It is a symmetric matrix with diagonal elements 2 and nearest off-diagonal elements −1. We now proceed
to build our quantum system.
1. The Interacting N-Level Hamiltonian
We model a free n-level atom as having a single electron with eigenstates |i〉, i = 1, 2, . . . , n, and energies
ǫ1 > ǫ2 > . . . > ǫn. The energy splitting between states |i〉 and |i + 1〉 will be denoted by ωi or ωii+1 (h¯ = 1)
ωi = ωii+1 = ǫi − ǫi+1, 1 ≤ i < n. (1.1)
The second notation can be generalized as follows
ωij = ǫi − ǫj , 1 ≤ i < j ≤ n. (1.2)
The notation ωi is only defined for the energy splitting between successive states.
To define various atomic operators, we first introduce fermion creation and destruction operators {bi, b†i}
for 1 ≤ i ≤ n. The operator b†i (bi) creates (destroys) an electron in the i-th level. These operators satisfy
the algebra
{bi, bj} = {b†i , b†j} = 0, {bi, b†j} = δij . (1.3)
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The atomic operators can now be written as
Oij = b†ibj , 1 ≤ i, j ≤ n (1.4)
or linear combinations of the Oijs. The action of Oij on an atomic state |k〉 is given by
Oij |k〉 = b†ibj |k〉 = δkj |i〉. (1.5)
From (1.3) the general commutator for the O operators is
[Oij ,Okl] = Oilδjk −Okjδil. (1.6)
Operators of the form Oi<j are referred to as raising operators. These cause a transition from the lower
energy state |j〉 to the higher energy state |i〉. Similarly the operators Oj>i are lowering operators. We also
define a set of commuting operators, denoted Hm, as follows
Hm = Omm −Om+1m+1, 1 ≤ m ≤ r. (1.7)
The set
{Oi6=j ,Hm} satisfies (0.2), thus forming a representation of sln. (Note: We shall often use the
notation Xa<b (Xa>b) to mean Xab with a < b (a > b) for X any quantity, operator, c-number, etc.)
By appropriately choosing the arbitrary lowest state energy ǫn to be
ǫn = −
r∑
m=1
A−1rmωm, (1.8)
where A−1 is the inverse Cartan matrix, the free atomic hamiltonian can be written as
Hatom0 =
∑
1≤u,v≤r
A−1uv ωvHu. (1.9)
To couple the atom to an electromagnetic field we make use of the minimal coupling prescription. The
standard hamiltonian is
H = Hφ0 +H
atom
0 +Hint, (1.10)
where
Hatom0 =
1
2me
~p · ~p+ V (~x) (1.11)
Hint = − e
2me
(
~p · ~A(~x) + ~A(~x) · ~p )+ e2
2m
~A(~x) · ~A(~x), (1.12)
and Hφ0 is the free field hamiltonian. If the spatial variation of the vector potential
~A is small across the
atom, we can take its value at a fixed point ~x0 inside the atom. Using
~p = −ime
h¯
[
~x,Hatom0
]
, (1.13)
we get
− e
2me
〈a|~p · ~A(~x) + ~A(~x) · ~p |b〉 = i
h¯
(ǫb − ǫa) ~A(~x0) · 〈a|~d |b〉, (1.14)
where ~d = e~x is the electric dipole operator. Since ~d is a vector operator and the atomic states are assumed
to be parity eigenstates, we have 〈i|~d |i〉 = 0. For i < j, the matrix elements are of the form
〈i|~d |j〉 = dijeiαij n̂, 〈j|~d |i〉 = dije−iαij n̂, (1.15)
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where dij ≥ 0 and the unit vector n̂ gives the spatial orientation of the atom. This shows that the dipole
operator can be expanded in terms of the raising and lowering operators as
~d = n̂
∑
i<j
(
dije
iαijOij + dije−iαijOji
)
. (1.16)
The interaction hamiltonian becomes
Hint = −i ~A(~x0) · n̂
∑
i<j
ωijdij
(Oijeiαij −Ojie−iαij )+ e2
2me
~A(~x0) · ~A(~x0). (1.17)
To reduce this system to a one-dimensional model, we make use of the fibrillar geometry. The atom
can be thought of as an impurity in an optical fiber of cross-sectional area A and length L, with L ≫
√
A.
Taking the fiber along the x̂ direction, the reduced field action is found to be (see [2] for details)
1
h¯
SMaxwell =
∫
dxdt
1
2
(
∂tφ∂tφ− ∂xφ∂xφ
)
, (1.18)
where φ is a dimesionless scalar field defined through
~A · n̂ =
√
4πh¯
Aeff φ. (1.19)
Here ~A is the vector potential depending only on the x coordinate and Aeff is the effective fiber cross-sectional
area. The field φ satisfies the commutation relation
[φ(x, t), ∂tφ(x
′, t)] = iδ(x− x′). (1.20)
From the action the free field hamiltonian is found to be
Hφ0 =
∫
dx
1
2
[
(∂tφ)
2 + (∂xφ)
2
]
+
2πe2
meAeff φ
2(x0), (1.21)
where the last term is the quadratic potential term taken from Hint. Now the interaction Hamiltonian is
Hint = − i
2
φ(x0)
∑
i<j
ωijβij
(Oijeiαij −Ojie−iαij), (1.22)
where (explicitly showing h¯ and c)
βi<j =
√
16π
h¯cAeff dij . (1.23a)
For 1 ≤ m ≤ r we define
βm =
√
16π
h¯cAeff dmm+1 = βmm+1. (1.23b)
The β parameters are the important dimensionless coupling constants of the model. The spontaneous decay
rate Γsij = 1/τ
s
ij of a single excited atom from the state |i〉 to the state |j〉 is given by
Γsij =
β2ij
4
ωij . (1.24)
Next to make the transition to a continuous system. For N atoms positioned at x = xm,m = 1, . . . , N ,
let ~dm = e(~x − ~xm) and Oij(xm) be the dipole and transition operators on the atom at xm. The matrix
3
elements of ~dm are independent of the position, however, the orientation can vary from atom to atom. The
operator ~dm can be written in terms of the single atom matrix elements as
~dm = n̂m
∑
i<j
dij
(Oij(xm)eiαij +Oji(xm)e−iαij ). (1.25)
For simplification, we consider the situation where all atoms are aligned n̂m = n̂ (e.g., by an external electric
field), giving
Hint = − i
2
∫
dxφ(x)
∑
i<j
ωijβij
(Oij(x, t)eiαij −Oji(x, t)e−iαij ), (1.26)
where we have introduced the space-time dependent transition operators
Oij(x, t) =
N∑
m=1
Oij(xm, t)δ(x− xm). (1.27)
The discrete operator Oij(xm, t) acts only on the atom at xm to cause a transition from |j〉 to |i〉. The
Hm(x, t) operators are defined similarly. The general commutator for the space-time transition operators is[Oij(x, t),Okl(x′, t)] = (Oil(x, t)δjk −Okj(x, t)δil)δ(x− x′), (1.28)
from which it is easily seen that the algebra (or now more appropriately current algebra) satisfied by the
set {Oi6=j(x, t),Hm(x, t)} is identical, aside from the delta function factor, to the sln algebra (0.2). The free
atomic hamiltonian takes the form
Hatom0 =
∫
dx
∑
1≤u,v≤r
A−1uv ωvHu(x, t). (1.29)
The complete hamiltonian for the system is therefore Hatom0 + H
φ
0 + Hint, with H
atom
0 , H
φ
0 and Hint
given by (1.29), (1.21) and (1.26) respectively.
2. Two Approximations and Integrability
We now make use of two approximations common in quantum optics to further simplify Hint. These
being the slowly varying envelope and rotating wave approximations.
In the slowly varying envelope approximation, we assume that near resonant photons with energies
≈ ωij are most relevant. Then the scalar field φ can be expanded about the various resonances as
φ(x, t) ≈
∑
i<j
(
e−iωij(t−x)ψij(x, t) + e
iωij(t−x)ψ†ij(x, t)
)
, (2.1)
where ψij(x, t) and ψ
†
ij(x, t) are destruction and creation fields with mode expansions
ψi<j(x, 0) =
1√
2ωij
∫
dke√
2π
âij(ke)e
ikex, (2.2a)
ψ†i<j(x, 0) =
1√
2ωij
∫
dke√
2π
â†ij(ke)e
−ikex, (2.2b)
and
âij(ke) = aij(ke + ωij), â
†
ij(ke) = a
†
ij(ke + ωij). (2.3)
Here aij (a
†
ij) is the usual photon destruction (creation) operator. (Note that we are only considering
right-moving plane waves.) The operator âij(ke) (â
†
ij(ke)) destroys (creates) a photon with energy
|k| = |ke + ωij | ≈ ωij . (2.4)
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Thus ke acts as an “envelope” vector about the ωij resonance. The photon operators satisfy the standard
commutator [
âij(k), â
†
kl(k
′)
]
=
[
aij(k), a
†
kl(k
′)
]
= δikδjlδ(k − k′). (2.5)
All other commutators vanish. In writing (2.1) and the above commutaion relations, we have assumed that
all resonances ωij (
1
2 (n
2 − n) in total) are distinct (i.e., ωij = ωkl ⇐⇒ i = l and j = k) and sharp. From
(2.5) the component fields satisfy
[
ψij(x, t), ψ
†
kl(x
′, t)
]
=
1
2ωij
δikδjlδ(x− x′), (2.6)
with all other commutators zero.
The rotating wave approximation reduces the number of interactions in Hint. Using (2.1) in Hint we
obtain terms with both photon creation (a†) and atomic raising (Oi<j) operators (or photon destruction and
atomic lowering {a,Oj>i}), or two photon creation (destruction) operator terms in Hφ0 . Such high frequency
terms lead to vacuum fluctuations and higher order processes. The rotating wave approximation sets these
processes to zero. We also set to zero terms of the form ψi<jOk<l (or ψ†i<jOl>k) for (i, j) 6= (k, l) since
they give no contribution to lowest order in perturbation theory. So we only retain those terms which pair
creation/lowering or destruction/raising operators (and creation/destruction operators in Hφ0 ) and connect
states with ≈ equal energy.
Combining these two approximations we get
Hint = − i
2
∫
dx
∑
i<j
βijωij
(
ψije
iαijOije−iωij(t−x) − ψ†ije−iαijOjieiωij(t−x)
)
, (2.7)
Hφ0 = −2i
∫
dx
∑
i<j
ωijψ
†
ij∂xψij . (2.8)
The free field hamiltonian follows from the field action, which using
|ke|2 ≪ ω2ij =⇒ |∂xψij | ≪ ωij |ψij |, |∂tψij | ≪ ωij |ψij |, (2.9)
approximates to ∫
dxdt
1
2
(
(∂tφ)
2 − (∂xφ)2
) ≈ 2i ∫ dxdt ∑
i<j
ωijψ
†
ij(∂x + ∂t)ψij . (2.10)
(In (2.8) we have dropped the quadratic term that appears in (1.21). For electric fields small compared
with e/a20, this term is negligible in relation to Hint.) The phases e
±iαij and e±iωijx can be absorbed into
{ψij , ψ†ij} and {Oij ,Oji}i<j respectively without changing the commutation relations. The time dependent
phase e−iωijt (e+iωij t) cancels the time dependence of Oi<j (Oj>i) coming from the free atomic hamiltonian.
Thus we can set Hatom0 to zero and consider the model defined by the complete hamiltonian
H = −2i
∫
dx
∑
i<j
ωijψ
†
ij∂xψij −
i
2
∫
dx
∑
i<j
ωijβij
(
ψijOij − ψ†ijOji
)
. (2.11)
Finally we can rescale ψij and ψ
†
ij as
ψij −→ ψij√
2ωij
, ψ†ij −→
ψ†ij√
2ωij
, (2.12)
which gives for the commutator (2.6)
[
ψij(x, t), ψ
†
kl(x
′, t)
]
= δikδjlδ(x− x′), (2.13)
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and defining
ω˜i<j =
1
2
√
2
βij
√
ωij =
√
Γsij
2
, ω˜m = ω˜mm+1 (1 ≤ m ≤ r), (2.14)
the hamiltonian (2.11) becomes
H = −i
∫
dx
∑
i<j
ψ†ij∂xψij − i
∫
dx
∑
i<j
ω˜ij
(
ψijOij − ψ†ijOji
)
. (2.15)
The first interaction term, ψijOij , causes an atomic transition from a lower energy state |j〉 to a higher
energy state |i〉, along with the absorption of a photon of energy ≈ ωij . The second term, ψ†ijOji, causes a
transition from a higher energy state |i〉 to a lower energy state |j〉, along with the creation of a photon of
energy ≈ ωij .
From H we can obtain the Heisenberg operator equations of motion. Explicitly we find
∂tOk<l = −
∑
j>l
ω˜ljψljOkj +
∑
i<k
ω˜ikψikOil +
∑
i<l
i6=k
ω˜ilψ
†
ilOki
−
∑
j>k
j 6=l
ω˜kjψ
†
kjOjl + ω˜klψ†kl
l−1∑
m=k
Hm, (2.16a)
∂tOl>k = ∂tO†k<l
= −
∑
j>l
ω˜ljψ
†
ljOjk +
∑
i<k
ω˜ikψ
†
ikOli +
∑
i<l
i6=k
ω˜ilψilOik
−
∑
j>k
j 6=l
ω˜kjψkjOlj + ω˜klψkl
l−1∑
m=k
Hm, (2.16b)
∂tHm = −2ω˜mm+1
(
ψmm+1Omm+1 + ψ†mm+1Om+1m
)− ∑
j>m+1
ω˜mj
(
ψmjOmj + ψ†mjOjm
)
−
∑
i<m
ω˜im+1
(
ψim+1Oim+1 + ψ†im+1Om+1i
)
+
∑
i<m
ω˜im
(
ψimOim + ψ†imOmi
)
+
∑
j>m+1
ω˜m+1j
(
ψm+1jOm+1j + ψ†m+1jOjm+1
)
(2.16c)
(∂t + ∂x)ψk<l = ω˜klOlk (2.16d)
(∂t + ∂x)ψ
†
k<l = ω˜klOkl. (2.16e)
Each term in the equations of motion for the atomic operators has a simple physical interpretation. For
example, consider the raising operator Ok<l. The first summation in (2.16a) is a sum over all atomic and
photon operator pairs, where the photon field destroys a photon of energy ωl<j, and the atomic (raising)
operator causes a transition from the lower state |j〉 to the higher state |k〉. The change in energy of the
system corresponding to the atomic/field pair being ωkl (as is for every other term in (2.16a)). If we think of
a field destroying (creating) a photon of energy ωi<j as “connecting” atomic states |i〉 to |j〉 (|j〉 to |i〉), along
with Oi<j (Oj>i) connecting |j〉 to |i〉 (|i〉 to |j〉) and Hm connecting |m〉 to |m〉 and |m+ 1〉 to |m+ 1〉, then
(2.16a) is, aside from c-number factors, a sum over all atomic/field pairs connecting |l〉 to |k〉 through some
intermediate state, i.e., |l〉 → |j〉 → |k〉. A similar interpretation follows for Ol>k and Hm.
These equations of motion have a zero-curvature representation
[∂t +At, ∂x +Ax] = 0, (2.17a)
=⇒ ∂tAx − ∂xAt = [Ax, At], (2.17b)
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where Ax and At are matrices of quantum operators given by
Ax = µ
∑
1≤m,n≤r
A−1mnHnHρm + µ
∑
i<j
(OijEρij +OjiEρji)+∑
i<j
ω˜ij
(−ψ†ijEρij + ψijEρji)
− 1
µ
∑
1≤m,n≤r
A−1mnω˜
2
nH
ρ
m (2.18a)
At =
1
µ
∑
1≤m,n≤r
A−1mnω˜
2
nH
ρ
m −
∑
i<j
ω˜ij
(−ψ†ijEρij + ψijEρji), (2.18b)
provided that the ω˜i<js satisfy
ω˜2i<j = ω˜
2
i<k + ω˜
2
k<j , (2.19)
for any intermediate value of k, i < k < j. This is trivially satisfied by ω˜ii+1, in which case there is no
such k. Here A−1mn is the inverse Cartan matrix, and {Eρi6=j , Hρm} are matrices in any representation ρ of sln
satisfying (0.2). Requiring (2.17) to be valid for all values of the arbitrary spectral parameter µ, is equivalent
to the equations of motion (2.16) (of course provided (2.19) is satisfied). The equivalence can be shown by
making use of the commutation relations (0.2). From (2.16c) we can derive a more compact form for the
equations of motion corresponding to the Hm basis operators
∂tHm = −
r∑
u=1
Amu
∑
u<l≤n
u∑
k=1
ω˜kl
(Oklψkl +Olkψ†kl). (2.20)
The constraint (2.19) arises in forming a zero-curvature representation for the field ({ψij , ψ†ij}) equations
of motion, and reduces the number of free parameters to r = n− 1, these being {ω˜m}1≤m≤r. The definition
(2.14) shows that the constraint is equivalent to the requirement that the spontaneous decay rate (for a
single atom) from |i〉 to |j〉, Γsij , be equal to the sum of the decay rates Γsik and Γskj for any intermediate
state |k〉
Γsi<j = Γ
s
i<k + Γ
s
k<j . (2.21)
The equations of motion for the atomic operators have the zero-curvature representation (2.17) independent
of the constraint.
A zero-curvature representation implies that the system is integrable. Thus the model (2.15) can now
be solved by the Quantum Inverse Scattering Method.
References
[1] V. I. Rupasov, JETP Lett. 36 (1982) 142.
[2] A. LeClair, QED for a Fibrillar Medium of Two-Level Atoms, hep-th/9604100.
7
